Introduction
This is a collection of open problems in combinatorial group theory, which is based on a similar list available on-line at our web site http: //zebra.sci.ccny.cuny.edu/web/ In selecting the problems, our choices have been, in part, determined by our own tastes. In view of this, we have welcomed suggestions from other members of the community. We want to emphasize that many people have contributed to the present collection, especially to the Background part. In particular, we are grateful to R.Gilman, V.Remeslennikov, I.Kapovich, W.Dicks, V.Roman'kov, and D.Wise for useful comments and discussions. Still, we admit that the background we currently have is far from complete, and it is our ongoing effort to make it as complete and comprehensive as possible. We invite an interested reader to check on our on-line list for a latest update.
One more thing concerning our policy that we would like to point out here, is that we have decided to keep on our list those problems that have been solved after the first draft of the list was put on-line in June 1997, since we believe those problems are an important part of the list anyway, because of their connections to other, yet unsolved, problems. Solved problems are marked by a * , and a reference to the solution is provided in the background.
Disclaimer. We want to emphasize that all references we give and attributions we make reflect our personal opinion based on the information we have. In particular, if we are aware that a problem was raised by a specific person, we make mention of that here. We welcome any additional information and/or corrections on these issues.
OUTSTANDING PROBLEMS
(O1) The Andrews-Curtis conjecture. Let F = F n be the free group of a finite rank n ≥ 2 with a fixed set X = {x 1 , ..., x n } of free generators. A set Y = {y 1 , ..
., y n } of elements of F generates the group F as a normal subgroup if and only if Y is Andrews-Curtis equivalent to X, which means one can get from X to Y by a sequence of Nielsen transformations together with conjugations by elements of F .
This problem is of interest in topology as well as in group theory. A topological interpretation of this conjecture was given in the original paper by Andrews and Curtis [Free groups and handlebodies, Proc. Amer. Math. Soc. 16 (1965), 192-195] . A more interesting topological interpretation arises when one allows one more transformation -"stabilization", when Y is extended to {y 1 , ..., y m , x ν }, where x ν is a new free generator (i.e., y 1 , ..., y m do not depend on x ν ), and the converse of this transformation. Then the Andrews-Curtis conjecture is equivalent to the following (see [P.Wright, Group presentations and formal deformations. Trans. Amer. Math. Soc. 208 (1975) , [161] [162] [163] [164] [165] [166] [167] [168] [169] ): two contractible 2-dimensional polyhedra P and Q can both be embedded in a 3-dimensional polyhedron S so that S geometrically contracts to P and Q. Note that this is true if 3 is replaced by 4 -this follows from a result of Whitehead. The problem is amazingly resistant; very few partial results are known. A good grouptheoretical survey is [R.G.Burns, O.Macedonska, Balanced presentations of the trivial group. Bull. London Math. Soc. 25 (1993), 513-526] . For a topological survey, we refer to [C.Hog-Angeloni, W.Metzler, The Andrews-Curtis conjecture and its generalizations. Two-dimensional homotopy and combinatorial group theory, 365-380, London Math. Soc. Lecture Note Ser., 197, Cambridge Univ. Press, Cambridge, 1993] .
The prevalent opinion is that the conjecture is false; however, not many potential counterexamples are known. Two of them are given in the survey by Burns and Macedonska; a one-parameter family of potential counterexamples appears in [S.Akbulut, R.Kirby, A potential smooth counterexample in dimension 4 to the Poincare conjecture, the Schoenflies conjecture, and the Andrews-Curtis conjecture. Topology 24 (1985) , 375-390.] Recently, a rather general series of potential counterexamples in rank 2 was reported in [C.F.Miller and P.Schupp, Some presentations of the trivial group, preprint].
It might be of interest that, by using the MAGNUS software package for symbolic computation in groups, we were able to show that all presentations of the trivial group with the total length of relators up to 12 satisfy the Andrews-Curtis conjecture -see http: //zebra.sci.ccny.cuny.edu/web/alex/experiments. In contrast with the previous problem (O1), the bibliography on the Burnside problem consists of several hundred papers. We only mention here that Golod [On nil-algebras and finitely approximable p-groups (Russian). Izv. Akad. Nauk SSSR Ser. Mat. 28 (1964), 273-276] constructed the first example of a periodic group which is not locally finite; his group however does not have bounded exponent. The first example of an infinite finitely generated group of bounded exponent is due to Novikov and Adian [Infinite periodic groups. I, II, III (Russian). Izv. Akad. Nauk SSSR Ser. Mat. 32 (1968), 212-244, 251-524, 709-731] Whitehead, Math. Proc. Cambridge Philos. Soc. 119 (1996), 493-495] , where he gives a rather elementary self-contained proof of the main result of Howie's paper (see above), and strengthens the result at the same time.
(O4) The isomorphism problem for one-relator groups. Note that every one-relator group with torsion is hyperbolic since the word problem for such a group can be solved by Dehn's algorithm -see the paper by B.B.Newman cited in the background to (O5). Therefore, it suffices to consider torsion-free onerelator groups. We also note that the following weak form of this problem was answered in the affirmative. A group G is called a CSA group if every maximal abelian subgroup M of G is malnormal, i.e., for any element g in G, but not in M , one has M g ∩M = {1}. It is known that every torsion-free hyperbolic group is CSA. Now the following weak form of (O6) The importance of this problem is in its relation to two outstanding problems in low-dimensional topology, to the Poincaré and Andrews-Curtis conjectures -see e.g. the survey [R.I.Grigorchuk, P.F.Kurchanov, Some questions of group theory related to geometry. Translated from the Russian by P.M.Cohn. Encyclopaedia Math. Sci., 58, Algebra, VII, 167-240, Springer, Berlin, 1993] for details.
In particular, a combination of results of Stallings, Jaco and Waldhausen yields a purely algebraic re-formulation of the Poincaré conjecture (see [J.Hempel, 
and conjectured that the coefficient 2 could be removed. R.Burns [On the intersection of finitely generated subgroups of a free group, Math. Z. 
If an orbit like that is finite, how many elements can it possibly have if u runs through the whole group F n , and φ runs through the whole group Aut(F n ) ?
It is known that the number of elements in an orbit is bounded by a function depending only on n -this observation is due to G.Levitt (informal communication). Here is his argument. Suppose that for some automorphism φ of F = F n , we have φ k (g) = g and φ l (g) = g for 0 < l < k. Consider the action of φ on the subgroup 
(F17) (M.Wicks) Let F be a non-cyclic free group of rank n, and P (n, k) the number of its primitive elements of length k. What is the growth of P (n, k) as a function of k, with n fixed ?
We just note here that the function P (n, k) is recursive, i.e., its values can be actually computed.
(F18) (C.Sims) Is the c-th term of the lower central series of a free group of finite rank the normal closure of basic commutators of weight c ?
This is known to be true for c ≤ 5. See the background to the problem (O4).
(OR3) (A.Myasnikov) Is the complexity of the word problem for every one-relator group quadratic, i.e., is there for every one-relator group an algorithm solving the word problem in quadratic time with respect to the length of a word? In polynomial time? (OR4) Is the generalized word problem solvable for one-relator groups? That is, is there an algorithm for deciding if a given element of the group belongs to a given finitely generated subgroup? (OR5) Is it true that if the relation module of a group G is cyclic, then G is a onerelator group?
J.Harlander [Solvable groups with cyclic relation module, J. Pure Appl. Algebra 90 (1993), [189] [190] [191] [192] [193] [194] [195] [196] [197] [198] showed that the answer is "yes" in the case where G is finitely generated and solvable. A solution of the problems (b) and (c) was communicated to us by A.Olshanskii. In fact, the commutator subgroup [F, F ] can be replaced here by any non-cyclic subgroup of a free group F ; the answer will still be negative. It follows from a result of [A.Olshanskii, SQ-universality of hyperbolic groups, Mat. Sb. 186 (1995), no. 8, 119-132 ] that for any m, every non-cyclic subgroup H of F contains a subgroup K, which is a free group of rank m, with the following property: for any normal subgroup U of K, the intersection of K and the normal closure of U in F is again U . To apply this result to our situation, take two elements, x and y, that generate a subgroup K = F 2 of H = [F, F ] with the property described above. Let r be a Baumslag-Solitar relator built on these two elements; for example, take r = xyx −1 y −2 . Let U be the normal closure (in K) of r. Then, from what is said in the previous paragraph, it follows that the normal closure of U in F (call it V ) intersects K in U . Therefore, the (one-relator) group F/V contains a subgroup KV /V which is isomorphic to a Baumslag-Solitar group, hence F/V can be neither residually finite nor automatic.
(OR8) (G.Baumslag) The same as (OR7), but for a relator of the form [u, v] .
This problem, as well as (OR7)(a) Note that hyperbolic groups are automatic, and, in particular, an amalgamated product of two free groups with finitely generated subgroups amalgamated is hyperbolic if at least one of the subgroups is malnormal [O. Kharlampovich and A.Myasnikov We note that recently, O. Kharlampovich and A.Myasnikov [Irreducible affine varieties over groups, J.Algebra 200 (1998), 517-570] proved that every finitely generated group which is discriminated by a free group can be obtained from a free group by applying finitely many free constructions of a very particular type.
(OR15) If G is a one-relator group with the property that every subgroup of finite index is again a one-relator group, and every subgroup of infinite index is free, must G be a surface group?
(OR16) Let S(n) be the orientable surface group of genus n. 
FINITELY PRESENTED GROUPS
Although finitely generated free groups and one-relator groups are finitely presented, we believe they deserve special sections, so you won't find them here.
(FP1) The triviality problem for groups with a balanced presentation (the number of generators equals the number of relators). See also problem (O1).
(FP2) Can a non-trivial finitely presented group be isomorphic to its direct square? On the other hand, there is no uniform algorithm that determines for any hyperbolic group G and its arbitrary finitely generated subgroup H whether H is malnormal in G or not. The following argument was communicated to us by D.Wise.
For any finitely presented group Q, Rips' construction provides a short exact sequence
where H is finitely generated and non-trivial and G is hyperbolic.
Note that H is malnormal if and only if H = G. Consequently, H is malnormal if and only if Q is trivial. Hence, a uniform algorithm for detecting malnormality would provide an effective procedure to determine whether or not a finitely presented group Q is trivial. But this is known to be algorithmically undecidable.
Still, it is conceivable that for each particular hyperbolic group an algorithm for detecting malnormality of its finitely generated subgroups might exist. We note that there exists an algorithm (due to D.Holt) which decides whether or not a given finitely generated quasiconvex subgroup of a hyperbolic group is malnormal. (B4) (J.Birman) Let F = F n be the free group of rank n generated by a 1 , ..., a n . Is there a solution of the equation y 1 a 1 y −1 1 ...y n a n y −1 n = a 1 ...a n with all y i from the second commutator subgroup F ?
The answer is "no" if and only if the Gassner representation of the pure braid group P n is faithful -cf. problem (B2). 
